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Outline

* Introduction to non-rigid shapes

* Scale invariant arc-length

* Scale invariant metric in surfaces

* Applications and algorithms

e Scale invariant Riemannian tensor

* From equi-affine to affine invariant metrics
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Why non-rigid ?

y

Shapes (2D)

N

Mapped data  g(y;) € R"
® Mapped atoms g(d;) € R"
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Why stretchable non-rigid ?

Isometry

Local scale

Affine




Why stretchable non-rigid ?
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Why stretchable non-rigid ?

W / Israel Amirav, M.D. &
Ziv Medical Center

Ron Kimmel
Technion

0.25

0.25

0.25 0.25

An ‘eye’ for an ‘eye’
A ‘nose’ for a ‘nose’



How did we tackle alignment until now?

Claimed the models are isometric

Claimed the models are ‘almost’ isometric
Forced 1:1 constraints(e.g. diffeomorphisms)
Used models (e.g. Bsplines)

Added regularization (e.g. Total variation)
Changed regularization (e.g. TVL1)

@)
@)
O

What are we suggesting to improve?

Deformation constraints remain the same
Data term should be metric dependent

Build local (metric) invariants which generate global invariance
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Parameters:

pe PCR

Mapping:
C(p) : P — R?

Derivatives: ( )
oC (p
/ _

oL (p) = a%/]gp)

Distance:

ds = |C'(p)|dp

Curves
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Scale invariant curves and surfaces

Theorem 1: ds = |K| - |C'(p)|dp is scale invariantarc-length

ds = |C"(p)|ldp — ds=|K|-|C'(p)|dp

K

ds = |K|-|C'(p)ldp = |—| - |aC’(p)| = |K]| - |C"(p)| = ds

Aflalo, Kimmel, Raviv. SIIMS’13 SIAM (SIAG/IS)
Raviv and Raskar, SIIMS’15
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Parameters:

U = {u',u?} € R?

Surfaces

Mapping:

X :R? 5 R’

Derivatives:

0X

X, = .
ou*

Metric:

gij = Xi - X;

U X(U)

Distance:

ds = \/gijduiduj
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Scale invariant curves and surfaces

Theorem 2: (;; = |Kg|g7;j is scale invariant metric
Sketch of (;)r:o;)‘: - ; bz’j — < Sij7 n>
Ke = det _ 11022 — 122 . S x S5
etg  g11922 — ¢ —
- 151 % Sa|

?]z'j — <045z', 045j> — 042<Sz'> Sj> — 0429117'

bij — <C¥S¢j, TL> — C¥<Sz'j, n> — Ckbz'j

~ det b _ o’
\Ka\gij — det g gij = EIKG’@QQU — ’KG\QU'

Aflalo, Kimmel, Raviv. SIIMS’13 SIAM (SIAG/IS)
Raviv and Raskar, SIIMS’15



From Local to Global

A ¢ =div grad ¢ = ﬂai(\/\g\gv aj(p)
g



What can we extract from the Laplacian ?

Mappings, Distances, Features

2 , Invariant to:
d=(x,y) =HKZ(X»')—Kf(%') 2(x) Translation
2 Rotation
:)J]Kt(x,z)— Kt(y,z)‘ dz lsometry
Ky(X)
8\ a

Coifman, Nadler, Singer, Guibas and many more
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What can we extract from the Laplacian ?

Mappings, Distances, Features

2 , Invariant to:
d (x,y)= Kt( ya')HLz(X) Translation
) > Rotation
_)J( K (x, _Kf(y’z)‘ dz Isometry

_[(pl. ()9, (z)dz =5, K/(xy)= g;,e_l"’qbi (x)o.(»)



Scale Invariant

Euclidean



Heat kernel Signatures:

/k<<n

K (53)= 3 ()0,

HKS(x,t) = Ki(z,2)
HKS(x) = [K¢(z, )], cp

N\

Sun, Ovsjanikov, Guibas 09

Logarithmic time table

T << n
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Scale Invariant
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1. Define a new (scale invariant) local metric

(quick) Summary

2. Build a metric-dependent Laplace Beltrami operator

3. Eigen-decomposition of LBO /0;3
4. Construct Kernel m

5. Evaluate distances and features

We get a global measurement which is invariant to piecewise
constant deformations (without knowing their strength and location)




From surfaces to volumes

2D manifold

3-manifold



Scale invariant nD manifolds

* Concept:

Curvature (1D), Gaussian curvature (Surfaces)

l

Scalar curvature
(Trace of Ricci curvature)

Ricci Curvature :Amount by which the volume of a
geodesic ball in a curves Riemannian manifolds
deviates from that of the standard ball in Euclidean
space.

- 7 - 7 > &
’%{/{. //"*/7// 1"({ :— //( //é‘ﬂ %”
¢

Wikipedia



mit
I I media
lab

Theorem 3:  Aflalo, Kimmel and Raviv, SIIMS 2013

‘SCLQZ'J‘ Is scale invariant metric

Sketch of Proof:

scaling of the manifold will not change the Christoffel symbols of the

second kind

~

Raviv and Raskar, SIIMS 2015
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Theorem 3:  Ravivand Raskar, SIIMS 2015

‘SCLQZ'J’ Is scale invariant metric

Sketch of Proof:

Dl [
R = R
» DM~ 2
R@Jkl — szkglm Rzykglma
~ 1
~kl kl 2

R’L] — szgl — —29 Rijkla — R’L]
Se—= g R.. — i UR.. — 1 Se

T g 1) T a29 1) 2

Q. How does it relate to Aflalo, Kimmel and Raviv (SIIMS 2013) for
surfaces ?

A. It is a generalization. Since SC = QKQ

Raviv and Raskar, SIIMS 2015
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3-manifold

V:R’—R*
V(u,v,w)

(u, v, w, I(u,v,w))




LLIEEdia 3-manifold V- ]RB N ]R4
V(u,v,w)

(U, v, w, I(U’? v, ”UJ))

-2

-2
Eigenvalues of the Laplace Beltrami operator

35

I
— —
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T2
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Q. Is 3-manifold scale invariant metric useful
for medical data?

Cardiac CT

A. Probably not, as the intensity is fixed

Raviv and Raskar, SIIMS 2015
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Q. So, scaling of ‘what’ ?

A. The level-sets!
In images: Curves
In volumes: Surfaces

Theorem 4: Ravivand Raskar, SIIMS 2015
1K 4| Z3x3 Is a level set scale invariant metric

Details in the paper

Raviv and Raskar, SIIMS 2015
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Heat kernel signatures —on volumes

Euclidean

Eigenvalues
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From scale to affine

and

Decomposition of invariants




Concepts — Equi-affine invariant

ds=|C'(p)dp—ds=|C"(p

Blaschke’23, Su’84
Raviv JMIV’15



Concepts — I%{Ji-affine invariant
A #1
T p)xC"(p)?

Equi-affine invariant curvature

ds—‘C dp—>dS—

Raviv and Kimmel, 1JCV’15

1

3dp



Equi-affine metric in 2D
From curves to surfaces:

Curvature ——> (@Gaussian curvature

Parallelogram —» parallelepiped
Cop

/

Co
_— \

Xij

Xv

new area form

C’]vij = (Xl,XQ,XZ'j) — det[Xl X2 XZJ]
q@'j

Qi = -

Y det%q

Blaschke’23, Su’84, Raviv’1l5



Theorem 5:

q,

h,=| K] =|kq, Is affine invariant metric

1
det“( )
Proof(sketch)
Using Brioschi K7 = f(ql-j,qy-,m,qy-,mn)

(04 (04 o

9y %al.squ det(9)9a3det(q) K9 — o K1

‘Kq‘qiji ‘a_l'SKq‘al'sqij = ‘K‘]‘qu

Raviv and Kimmel, 1JCV’15
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Equi-affine heat kernel

.

Heat Heat
i Kernel ¢ Kernel

5



9’th eigenfunction

Raviv and Kimmel, [JCV’15



Non-rigid alighnment

* Non-rigid ICP

* Shape based (metric/conformal)
* Diffeomorphism

e Optical-flows

* B-splines

L 0% )

Too many people to cite / (extremely) active area



LLI media (one example for upgrading a known method)

| Intrinsic Non-rigid ICP
( 3

Minimize ener
Find close &Y

(smoothness P2P, P2Plane)
Wlthln a ntr|n5|c( istance)

N

Scale invariant Equi-affine invariant Affine invariant

Raviv and Raskar, STACOM (MICCAI) 2015



Mean square Error in mm

Generalized Multi-Dimensional Scaling (GMDS) Non-rigid ICP

18

161
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121

10

= = GMDS with affine metric

mohm g S oguim = =N -

12

e Non-rigid ICP
= = Non-rigid ICP with affine metric

10

Mean square Error in mm
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Raviv and Raskar, STACOM (MICCAI) 2015



Slow motion

mapping




Local Contractions of the left ventricle

Up-sampling temporal resolution

Raviv et. al. STACOM (part of MICCAI) 2014



Local contraction % / kernel 0.04%
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Atrial Fibrillation

Apical

Sub-papillary

Papillary Basal
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Cycle percentage Cycle percentage

Raviv et. al

. STACOM (part of MICCAI) 2014
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Summary

e Build metrics which are invariant to X & {Scale, Equi-affine, Affine}
 Encapsulate those primitives within a non-rigid framework
 Enhance known algorithms (alignment / inference)

it

Thank you



